Non-exponential long-range interaction of magnetic impurities in
  spin-orbit coupled superconductors by Mal'shukov, A. G.
ar
X
iv
:1
80
4.
10
75
6v
2 
 [c
on
d-
ma
t.s
up
r-c
on
]  
7 S
ep
 20
18
Non-exponential long-range interaction of magnetic impurities in spin-orbit coupled
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The Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction of magnetic impurities in a supercon-
ductor exponentially decreases when the distance r between them is larger than the superconductor’s
coherence length, because this interaction is mediated by quasiparticles, which have a gap in their
energy spectrum. At the same time, the spin-singlet superconducting condensate was always as-
sumed to stay neutral to magnetic impurities. Due to a spin-orbit coupling (SOC), however, Cooper
pairs gain an admixture of spin-triplet correlated states, which provide for a link between impurity
spins and an s-wave condensate. It is shown that perturbations of its phase mediate the 1/r2 inter-
action of these spins in two-dimensional (2D) systems. This effect is considered within two models:
of a clean 2D s-wave superconductor with the strong Rashba SOC and of a bilayer system which
combines a 2D Rashba coupled electron gas and an s-wave superconducting film. The predicted
long-range interaction can have a strong effect on spin orders in superconductor-magnetic impurity
systems that are expected to host Majorana fermions.
PACS numbers: 75.30.Hx,74.78.-w,74.25.Ha
I. INTRODUCTION
RKKY interaction of localized spins in metals1–3 is
carried by spin excitations. A localized spin, by cou-
pling to spins of conduction electrons through the ex-
change interaction, creates one-particle spin excitations
close to the Fermi surface. They, in turn, exert influ-
ence upon the spin of an impurity placed at some dis-
tance. This results in an effective exchange interaction
between impurity spins. Recently, the RKKY interac-
tion has attracted a renewed attention in connection
with the search of Majorana quasiparticles localized at
1D and 2D magnetic impurity systems on the surface
of superconductors4–10. In this context the presence of
a strong SOC has been found important for the forma-
tion of the topological phase in superconductors and su-
perconductor proximity systems10–15. For example, in
spin-orbit coupled superconductors the RKKY interac-
tion contains the Dzyaloshinskii-Moryia term15–17 which
favors a spiral spin order in impurity spin chains.
In superconductors having a gap in the quasiparticle
spectrum the RKKY interaction exponentially decreases
with the distance between impurities18. Such a behav-
ior was also found in spin orbit coupled superconduc-
tor proximity systems16. In both cases the interaction
range is restricted by the Cooper pair coherence length.
This is because at low energies only evanescent quasipar-
ticle waves can propagate in a gapped superconductor.
While such virtual quasiparticles mediate interaction of
impurity spins, the condensate of singlet Cooper pairs
does not participate in this process. This is obviously
true, if a SOC is absent. At the same time, in the pres-
ence of a strong SOC the role of the singlet condensate
should be revised. Below, the influence of the supercon-
ducting condensate on the interaction of localized spins
will be studied for a helical 2D system, that is a system
with the strong Rashba SOC19. Such a system may be
a topological s-wave superconductor on the surface of a
3D topological insulator (TI), or a non-topological su-
perconductor with strong enough Rashba SOC. It will
be shown that in such systems the SOC provides a cou-
pling of impurity spins to the condensate. Therefore,
the condensate gains the ability to mediate the interac-
tion between magnetic impurities. Since this interaction
propagates through the condensate, it is important to
distinguish between intrinsic superconductors and prox-
imity induced superconducting systems. In the latter
case the problem is more complicated, because magnetic
impurities may be placed in the normal spin-orbit cou-
pled system, while interaction between them is mediated
by the superconductor. However, it will be shown that
in both cases at large distances the interaction decreases
algebraically, as 1/r2. Basically, such a long-range effect
originates from invariance of the system with respect to
a spatially uniform shift of the condensate phase.
Two models will be considered. The first one repre-
sents a 2D clean helical superconductor with the isotropic
electron-electron BCS interaction. In the second model
a superconducting film makes a contact with the surface
of a 3D TI and a pair of magnetic impurities are placed
onto this surface. Both, the film and TI surface are as-
sumed to be dirty systems. The spin dynamic of impu-
rities will be ignored. Therefore, their spins are static
classical spins S ≫ ~. Also, the exchange interaction be-
tween spins of impurities and conduction electrons will
be treated perturbatively by taking into account only its
leading orders. Therefore, a possibility for formation of
Yu-Shiba-Rusinov states inside the superconductor’s gap
is excluded in such an approach, although these states
can play an important role in short-range interactions of
magnetic impurity20.
The article is organized in the following way. In Sec.II
the condensate mediated interaction of magnetic impu-
rities is calculated for a spin-orbit coupled 2D supercon-
2ductor. In Sec.III the influence of the calculated long-
range interaction is analyzed for various spin arrays. In
Sec. IV the condensate mediated interaction of impurity
spins is considered for a bilayer system of a superconduc-
tor and a 2D Rashba normal metal where superconduct-
ing correlations are induced due to the proximity effect.
A summary of results is presented in Sec.V.
II. THE CONDENSATE MEDIATED
INTERACTION OF SPINS IN A
TWO-DIMENSIONAL SUPERCONDUCTOR
Let us consider a two-dimensional superconductor with
an isotropic attractive electron-electron interaction and
the strong Rashba SOC. A pair of magnetic impurities
is placed at the points r1 and r2. Their spins inter-
act with conduction electrons according to the exchange
Hamiltonian Hint =
∑
ν JijS
i
νσ
j
ν , where ν = 1, 2 and
σjν = ψ
†(rν)σ
jψ(rν) , with σ
j denoting Pauli matrices
(j = x, y, z). The field operators ψ(rν) are vectors de-
fined in the Nambu basis as ψ = (ψ↑, ψ↓, ψ
†
↓,−ψ
†
↑). The
interaction between impurity spins is given by the second-
order correction to the free energy due to Hint
21
U12 = −
∫ β
0
dτZj1Z
m
2 〈Tr[T
(
σj1(τ)σ
m
2 (0)
)
]〉 , (1)
where β = 1/T (T is the temperature), Zj1(2) = JijS
i
1(2),
and the angular brackets denote the thermodynamic av-
erage over unperturbed states. The trace in (1) is taken
over spin and Nambu variables and T is the Matsubara
time ordering operator. We set ~ = 1 and the Bolts-
mann constant kB = 1. The unperturbed Hamiltonian is
given by the sum H = H0+V of the one-particle Hamil-
tonian H0 and the two-particle attractive interaction V .
H0 =
∑
k ψ
†
kH0kψk represents a spin-orbit coupled 2D
electron gas, where ψk are the electron field operators in
the wave-vector representation and Hk is given by
H0k = τ3(ǫk − µ) + τ3hkσ (2)
where ǫk = k
2/2m and µ are the electron band energy
and the chemical potential, respectively. The Pauli ma-
trices τi, i = 0, 1, 2, 3, operate in the Nambu space, where
τ0 is the unit matrix. The second term in H0 repre-
sents the Rashba SOC whose spin-orbit field is given by
hxk = −αky and h
y
k = αkx
19. This interaction results
in a splitting of the conduction band into two helical
bands with opposite helicities γ = ±1, so that the aver-
age electron’s spins in these bands are parallel to γhk.
In each of the bands electrons have the same Fermi ve-
locity vF =
√
2µ/m+ α2 and different state densities
NFγ = (m/2π)(1− γα/vF ).
The two-particle interaction V is assumed to be in-
dependent on wave-vectors of interacting particles, ex-
cept for the high-energy cutoff ωc near the Fermi surface.
Therefore, it is given by
V =
g
2
∑
k,k′,q
(ψ†kτ3ψk+q)(ψ
†
k′+qτ3ψk′) , (3)
where g < 0 is a coupling constant.
The correlator Kij = −〈Tr[T
(
σi1(τ)σ
j
2(0)
)
]〉 of spin
densities in Eq.(1) depends on the impurity coordinate
difference r ≡ (r1 − r2). Therefore, it may be Fourier
transformed with respect to r. The so transformed cor-
relator, which is integrated over the imaginary time τ
in Eq.(1), will be denoted as Kijq , where q is the wave-
vector. Within a perturbation theory21 it may be further
expanded into the series with respect to electron-electron
interaction Eq.(3). Within the BCS self-consistent ap-
proximation the perturbation terms contribute to the
self-energy of the one-particle Matsubara Green’s func-
tions Gk(ωn) and result in the superconducting order pa-
rameter ∆, so that Gk(ωn) = (iωn − H0k − τ1∆)
−1. In
a simplest approximation one may take V into account
only in the self-energy of G and calculate Kijq with such
BCS Green’s functions. The corresponding correlator,
which will be denoted as KijRKKY can be written in the
form KijRKKY = 4Π
ij
00(q), where
Πijlm(q) =
T
4
∑
ωn
Tr[Gk(ωn)σ
iτlGk+q(ωn)σ
jτm] . (4)
The superscripts i and j take the values x, y, z and 0,
where the latter denotes the 2×2 unit matrix σ0. The
Green functions in Eq.(4) consist of two parts which are
associated with one of the helical bands. It will be as-
sumed below that the SOC is much larger than ∆. In
this case the main contribution in Eq.(4) is given by the
terms where both Green functions enter with equal he-
licities. The details of the calculation are presented in
Appendix A.
By substituting into Eq.(1) KijRKKY results in the con-
ventional RKKY interaction, which has been previously
calculated for s-wave superconductors, with and without
SOC16–18. It takes account of quasiparticles as media-
tors of the magnetic impurity interactions. At the same
time, perturbations of the condensate by these impuri-
ties are ignored in this approximation. They can be
taken into account beyond the simple BCS approach,
by summing up in the perturbation expansion the so
called ladder Feynman diagrams, which contain a two-
particle Cooper pairing channel.22 These diagrams repre-
sent multiple scattering amplitude of two particles at the
Fermi energy. These particles are in a singlet spin state
and have opposite momenta, while the conserved wave-
vector q describes the dependence of the two-particle
wave-function on the center of gravity. The so called
”Cooperon” Cq, which is the sum of the ladder diagrams,
can be expressed through the function Π0022(q) in the form
(see Appendix A)
Cq = −
g
1− gΠ0022(q)
. (5)
3Note, that at q = 0 the denominator of Eq.(5) turns to
zero, because of the selfconsistency equation gΠ0022(0) = 1.
The divergence of Cq at q → 0 is due to the invariance of
the system with respect to a static uniform shift of the
order parameter phase. As it will be shown, this singular-
ity results in a long-range interaction of impurity spins.
It is important that the static situation is considered.
Therefore, the long-range Coulomb interaction does not
destroy the q = 0 singularity, in contrast to the dynam-
ical Goldstone mode. Formally, it follows from the fact
that at zero frequency the interaction of the Cooperon
with the Coulomb field turns to zero22.
The Cooperon represents a correlation of two electrons
having a zero total spin. At the same time, in a spin-orbit
coupled system one may expect that SOC can provide a
link between spin singlet and spin triplet states which,
in turn, can interact with magnetic impurities. Within a
perturbation theory formalism such a link is represented
by the vertex function Γiq, which is given by
Γiq = 2Π
i0
02(q) . (6)
Note that the nondiagonal ”i0” superscript in Πi002(q)
signals that Γiq couples the spin projection i to a sin-
glet Cooper pair. In terms of the vertex function and
Cooperon the correlator Kijq can be written in the form
Kijq = K
ij
RKKY + Γ
i
qCqΓ
j
−q . (7)
Two vertices Γiq and Γ
j
−q provide a coupling of the
Cooperon to spins placed at points r1 and r2.
By expanding Π0022(q) in Eq.(5) up to q
2 we obtain
Cq = −
a
q2
16
v2F
(NF+ +NF−)
−1 , (8)
where
1
a
= πT
∑
ωn
1
(ω2n +∆
2)3/2
. (9)
The vertex Γ can be expressed from Eqs.(6,4) as
Γiq = −
i
4a
q˜i∆vF (NF+ −NF−) , (10)
where q˜i = ǫzijqj . By substituting Eqs.(8) and (10) in
Eq.(7) we finally obtain
Kijq −K
ij
RKKY = −
q˜iq˜j
q2
∆2(NF+ −NF−)
2
a(NF+ +NF−)
. (11)
It is seen from this equation that two helical bands tend
to compensate each other, while the above expression
reaches its maximum in the case when there is only a
single helical band on the Fermi surface, for example, in
the case of Dirac electrons on the surface of a topological
insulator.
III. LONG-RANGE INTERACTION BETWEEN
MAGNETIC IMPURITIES
By Fourier transforming Eq.(11) to the coordinate rep-
resentation and substituting into Eq.(1) we obtain the
condensate mediated interaction between magnetic im-
purities, which are placed at the sites r1 and r2, in the
form
U12 =
β
r4
(
2(Z1r˜)(Z2 r˜)− r
2Z1‖Z2‖
)
, (12)
where β = (∆2/2πa)(NF+ − NF−)
2(NF+ + NF−)
−1,
r˜i = ǫzijrj , with rj = rj1 − r
j
2 and Z1(2)‖ = (Z
x
1(2), Z
y
1(2)).
Eq.(12) is valid at r ≫ vF /∆. For a chain of magnetic
atoms, whose spins are perpendicular to the chain di-
rection, the interaction is antiferromagnetic, while it is
ferromagnetic for spins which are parallel to the chain.
For a ferromagnetically ordered two-dimensional array of
spins the long-range interaction results in the mean field
B which depends on the shape of the system. For exam-
ple, in the center of a rectangle whose sides are Lx and
Ly this field may be expressed from Eq.(12) by summing
U over all thermodynamically averaged spins 〈S2x〉, with
the spin S1 fixed in the rectangle center. Since mostly
distant spins contribute to this sum, one may replace
the summation by integration with the spin density ni.
By writing the result in the form
∑
m U1m = S1xBx the
mean field Bx is obtained as
Bx = 2niβJ
2〈S2x〉
(
arctan
Ly
Lx
− arctan
Lx
Ly
)
, (13)
where the exchange interaction is taken as Jij = δijJ .
It is evident from this equation that the ferromagnetic
ordering is possible only at Lx > Ly. The dependence
of the mean field on the shape of the sample is a conse-
quence of the formal logarithmic divergence of the mean
field, which is caused by a slow decrease of the impu-
rity spins interaction at large distances. Such a diver-
gence does not take place in the case of one dimensional
spin chains. However, in two dimensional systems it can
strongly influence the spin order.
U12 in Eq.(12) does not contain the Dzyaloshinskii-
Moryia interaction. In fact, this interaction appears only
in higher orders with respect to 1/rkF . Such small cor-
rections were neglected above. On the other hand, the
Dzyaloshinskii-Moryia term might appear also in the case
when, due to SOC, the attractive electron-electron inter-
action V in Eq.(3) contains a spin-dependent term. This
possibility has not been investigated here.
IV. BILAYER SYSTEM
From the practical point of view it is important to con-
sider a system where superconductivity is induced in a
spin-orbit coupled normal metal due to a close proximity
to a superconductor. In this case a popular approach is
4to insert into Hamiltonian of the normal system a term
which looks as the superconducting order parameter. In
some cases such an approach is justified. It is definitely
can not be used in the studied here problem, because
the selfconsistency condition for the order parameter is
determined by an electron-electron attractive interaction
inside the superconductor, not the normal metal. There-
fore, if a pair of magnetic impurities interacts through
the condensate, the superconductor must explicitly be
considered as a mediator for this interaction. A strat-
egy for the solution of this problem may be to calculate
the spin density 〈σi21〉 which is induced at the point r2
by a magnetic impurity paced in the point r1, and vice
versa. Then, the interaction energy of these spins can be
expressed as
U12 = Jij(S
i
1〈σ
j
12〉+ S
i
2〈σ
j
21〉) . (14)
The induced spin densities must be calculated by tak-
ing into account a perturbation of the condensate by
magnetic impurities. It is important that in contrast to
Eq.(1), where the interaction energy is determined by a
two-particle Green function, in Eq.(14) the spin densi-
ties are calculated through the one-particle Matsubara
Green’s functions G(ωn, r, r
′).
Let us consider a bilayer system consisting of a su-
perconducting layer and an adjacent 2D normal metal.
The latter is formed by Dirac electrons on the surface of
a 3D TI. Their Hamiltonian is represented by the sec-
ond term in Eq.(2). A pair of magnetic impurities on
the surface of TI adds the Zeeman term σZ(r), where
Z = Z1δ(r− r1) + Z2δ(r− r2). For studying such an in-
homogeneous system we will use a theory based on semi-
classical Green’s functions. These functions are defined
separately in both layers of the considered bilayer sys-
tem and satisfy respective semiclassical equations23,24.
In addition, there is a boundary condition at the inter-
face between layers. The semiclassical function is defined
as
g
kˆ
(r, ω) =
i
π
∫
dξτ3Gk(r, ωn) , (15)
where ξ = Ek − µ, r = (r + r
′)/2, k is the wave vec-
tor associated with the Fourier transform of G(ωn, r, r
′)
with respect to r − r′ and kˆ = k/k. The electron en-
ergy Ek is given either by a parabolic k-dependence (in
the superconducting layer), or by a linear function hk
(in TI). The equation for g
kˆ
(r, ω) is obtained by ex-
panding the Dyson equation with respect to Fermi wave-
lengths, which are small in comparison with other char-
acteristic lengths. The corresponding procedure is well
described in literature24–26. It will be assumed below
that the elastic scattering time on impurities τ ≪ ∆−1
and the corresponding mean free path is much shorter
than the lengths of spatial variations of the semiclassical
Green functions. In this case these functions are almost
isotropic with respect to kˆ and it is possible to obtain
closed, so called, Usadel24–27 equations for their isotropic
parts gS(N)(r, ω), where subscripts N and S denote the
normal and superconducting layers, respectively. For the
S-layer such an equation can be written in the standard
form
DS∇gS∇gS − [ωτ3 + ∆ˆ, gS ] = 0 , (16)
where ∆ˆ = Re∆(r)τ2−Im∆(r)τ1. The equation for TI can
be obtained by a projection of gN kˆ onto the upper helix
band, if the chemical potential µ > 0 and µ≫ 1/τ28–30.
Accordingly, gN kˆ takes the form gN kˆ = gN kˆ0(1 +σn)/2,
where n = hk/hk and gN kˆ0 is a spin independent func-
tion. Its angular average gN satisfies the equation
DN∇˜gN∇˜gN − [ωτ3 + TNSgS , gN ] = 0 , (17)
where ∇˜∗ = ∇ ∗ +i[A(r)τ3, ∗] and A
i(r) = ǫijzZj(r)/α.
DS and DN are electron diffusion coefficients in the su-
perconductor and normal layers, respectively. The last
term in Eq.(17) originates from the self-energy associated
with a tunnel coupling of 2D electrons to the supercon-
ducting layer, where TNS is a corresponding tunneling
parameter31. From the superconductor’s side the cou-
pling to the normal layer is provided by the boundary
condition (BC)32
DSgS∇zgS = −γSN [gS , gN ] , (18)
where the z-axis is directed from the N -layer to the S-
layer, gS is taken at z = 0 and γNS can be expressed in
terms of the interface resistance.
The Usadel equation for gS may be further simplified
33
by assuming that Green functions vary slowly across
a thin film, whose thickness dS is much less than the
superconductor’s coherence length
√
DS/|∆|. By in-
tegrating Eq.(16) over z and taking into account BC
Eq.(18) we obtain the following equation for gS(r) =
(1/dS)
∫
dzgS(r, z):
DS∇gS∇gS − [ωτ3 + ∆ˆ + TSNgN , gS] = 0 , (19)
where TSN = DSγSN/dS . The parameters TNS and
TSN are related to each other through the equation
NFNTNS = dSNFSTSN , where NFN and NFS are, respec-
tively, 2D and 3D state densities at the Fermi level in the
normal metal and superconductor (in the normal state).
This equation guarantees the conservation of the charge
current through the NS-interface. It should be noted
that the above relation between TNS and TSN means
that TSN ≪ TNS , because kFSdS ≫ 1.
As was shown in34,35, in spin-orbit coupled supercon-
ductors a Zeeman field, which is localized within a small
island, induces in its vicinity a spontaneous supercurrent.
A single magnetic impurity may produce a similar effect.
This supercurrent, in turn, induces a spin density due to
the magnetoelectric effect36,37 which takes place in spin-
orbit coupled superconductors. The interaction of im-
purity spins may be calculated by substituting this spin
density into Eq.(14). There are two different mechanisms
5which contribute in the formation of such a spin-density
response. One of them involves the supercurrent, which
is directly produced by proximity induced Cooper pairs.
This effect is controlled by a proximity induced gap ∆N .
The latter coincides with TNS when TNS ≪ ∆. As a
result, the spin interaction given by Eq.(14) decreases
exponentially at distances larger than the corresponding
correlation length ξN =min[
√
DN/∆N ,
√
DN/2πkBT ].
The second mechanism involves several steps. An im-
portant step is a change of the superconducting order-
parameter in the S-layer, due to a perturbation of the
pairing function by the Zeeman field. This perturbation
migrates from the normal layer through the interface bar-
rier. The correction to ∆ may be expressed in a form of
a phase shift. The latter gives rise to a supercurrent in
N and S layers and to a spin polarization, which results
in the interaction of magnetic impurities. These calcu-
lations in detail are presented in Appendix B. The main
result is that at large distances r ≫ ξN the interaction of
spins is expressed by Eq.(12), where at T ≪ ∆N ,∆ the
coefficient β is given by
β =
µτTNSTSNDN
2πα2∆DS
. (20)
This β is much less than in the considered above case
of a clean 2D superconductor. It is strongly reduced by
the factor dSkFS ≫ 1. This parameter enters into TSN .
The origin of such a reduction is quite clear, because the
influence of the SOC in the 2D gas on the condensate in
the 3D superconductor film decreases at the larger film
thickness dS .
V. CONCLUSION
In conclusion, in spin-orbit coupled 2D superconduc-
tors, or 2D normal Dirac metals which have a contact
with thin superconducting films, the interaction of mag-
netic impurity spins decreases as r−2 at distances larger
than the coherence length. In fact, it has the form of
the 2D dipole-dipole interaction. In contrast to the expo-
nentially decreasing RKKY interaction, it is mediated by
the Cooper pair condensate, rather than by one-particle
excitations. In the case of proximity induced supercon-
ductivity in a 2D normal metal this long-range effect is
suppressed, if a 3D superconductor, which serves as a
source of Cooper pair correlations, is massive.
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Appendix A: Interaction of impurity spins in a 2D
superconductor
The BCS Green function of a system which is repre-
sented by the Hamiltonian H0k + τ1∆, where the first
term is given by Eq.(2), can be written as
Gk(ωn) = −
(iωn + τ1∆+ ξ
+τ3)
ω2n + (E
+)
2
(1 + nkσ)
2
−
(iωn + τ1∆+ ξ
−τ3)
ω2n + (E
−)2
(1− nkσ)
2
, (A1)
where E± =
√
∆2 + ξ±2, ξ± = ξ ± hk, ξ = ǫk − µ and
nk = hk/hk. These functions must be substituted into
the correlator given by Eq.(4). This correlator is the main
building block of the Cooperon, which is represented by
a sum of ladder diagrams, where the electron-electron
interaction V , given by Eq.(3), serves as a perturbation.
The dependence of this interaction on Nambu and spin
variables can be represented in the form
V =
1
2
∑
k,k′,q
Vαβ,γδψ
α†
k+qψ
γ†
k′ ψ
β
k′+qψ
δ
k , (A2)
where Vαβ,γδ = (g/2)(τ3 ⊗ σ
0)αβ(τ3 ⊗ σ
0)γδ. The Greek
subscripts denote combined Nambu-spin variables. It is
convenient to use, instead, vector indices by transforming
the matrix V to
V ijab =
1
4
Vαβ,γδ(τa ⊗ σ
i)γα(τb ⊗ σ
j)βδ , (A3)
where i, j = 0, x, y, z and a, b = 0, 1, 2, 3.
In this representation, the ladder series for the two-
particle scattering matrix Cijpq(q) can be written in the
form of the following equation21:
Cijab = V
ij
ab + V
ik
acΠ
kl
cd(q)C
lj
db , (A4)
where the argument q is omitted in C for brevity. Su-
perscripts in this equation relate to spin variables in the
vector representation, while the subscripts are associated
with the Nambu space. We assume that SOC is strong,
so that the spin-orbit field hkF ≫ ∆. In this case, the
poles of the first and second terms in Eq.(A1), which cor-
respond to opposite chiralities, are considerably shifted
with respect to each other. Therefore, the main contri-
bution in pair products of Green’s function in Π (Eq.(4))
is given by the functions with equal chiralities. Hence,
the products of Green’s functions with opposite chirali-
ties will be neglected. Further, we consider the situation
when a distance between magnetic impurities is much
larger than the Fermi wavelength. Therefore, the Green
function Gk+q, which enters in Π, may be expanded with
respect to q ≪ kF . Only the leading terms of this ex-
pansion will be taken into account. As can be seen from
Eq.(4) and Eq.(A1), the spin dependent part of Πijpq is
given by Tr[(1 ± nk+qσ)σ
i(1 ± nkσ)σ
j ]. This trace, av-
eraged over directions of the unit vector nk, is nonzero
only at i = j. At the same time, the nonaveraged trace
contains nondiagonal terms of the form ±4nik at j = 0,
or ±4njk at i = 0 (small terms of the order of q/kF are
ignored). By tracing out the spin-dependent part in the
diagonal elements, the remaining calculation of the sum
over k in Eq.(4) is reduced to the conventional analysis22.
It follows then that the singular at q → 0 Cooper pair-
ing channel corresponds to the spin-singlet Cooperon C0022
and, hence, involves the correlator Π0022, which is given by
Π0022(q) = −πT
NF+ +NF−
2
( ∑
ωn<ωc
1√
ω2n +∆
2
+
q2v2F
8
∑
ωn
1√
ω2n +∆
2
3
)
(A5)
Let us first keep in Eq.(A4) only this leading term and
take into account that, according to Eqs.(A2) and (A3),
V ij00 = V
ij
33 = gδ
ij and V ij11 = V
ij
22 = −gδ
ij . As a re-
sult, the equation for C0022 in Eq.(A4) is decoupled from
equations for other components of C and leads to Eq.(5),
where Cq ≡ C
00
22(q).
Let us now analyze the effect of the neglected nondiag-
onal terms, which give rise to Π0i20(q) and Π
i0
02(q). These
nondiagonal in spin and Nambu spaces correlators ap-
pear due to SOC. By using Eq.(4) and Eq.(A1), in the
leading with respect to q approximation Π0i20(q) can be
written as
Π0i20(q) = 2iT
∑
ωn,k
nik∆
(
ξ+k+q − ξ
+
k
(ω2n + E
+2
k )
2
−
ξ−k+q − ξ
−
k
(ω2n + E
−2
k )
2
)
(A6)
By representing (ξ±k+q − ξ
±
k ) as vFq and taking the sum
over k we arrive at
Π0i20(q) =
i
8a
ǫzijqj∆vF (NF+ −NF−) , (A7)
where a is given by Eq.(9). Π0i20(q) is small in comparison
with Π0022(q). It can be taken into account in Eq.(A4) as
a small perturbation. It is easy to see that it results in
C0022 , which is given by Eq.(5) with Π
00
22(q) substituted
for Π0022(q) + Π
0i
20(q)V
ii
00Π
i0
02(q). It is seen that such a
correction to Π0022(q) is small as gv
2
F q
2/∆2. Since the
coupling parameter g ≪ 1, this correction is small in
comparison with the term of the order of v2F q
2/∆2, which
originates from a direct expansion of Π0022(q) in powers of
q and appears in the denominator of Eq.(8) (it is given by
the second term in Eq.(A5). Therefore, one may neglect
a contribution of the nondiagonal elements of Π.
7By taking into account only Cooper pair correlations
in Kijq one can express the latter in the form
Kijq −K
ij
RKKY = 4Π
i0
02(q)C
00
22 (q)Π
0j
20(q) , (A8)
or, equivalently, in the form of Eq.(7).
Appendix B: Interaction of impurity spins in a
bilayer system
Let us focus on Eqs.(17) and (19) for semiclassical
Green’s functions in a bilayer system which consists of
a superconducting layer and a normal 2D Dirac electron
gas. The spatially dependent Zeeman field, which en-
ters into the gauge-invariant derivative in Eq.(17), will
be treated as a perturbation and only first-order terms
will be taken into account. Therefore, it is convenient
to transform these equations into the Fourier representa-
tion. Within this perturbation approach the semiclassical
Green functions and the order parameter can be repre-
sented in the form
gS = gS0 + δgS , gN = gN0 + δgN
and ∆ˆ = ∆ˆ0 + δ∆ˆ . (B1)
The unperturbed functions gS0, gN0 and the order pa-
rameter ∆ˆ0 are uniform along layers. They are deter-
mined by Eqs.(19) and (17) in the absence of magnetic
impurities. Since the tunneling parameter TSN is small,
one may ignore a weak influence of the 2D normal gas
onto the Green’s function and the order parameter of
the superconducting film. Therefore, we take them the
same as in a bulk superconductor, namely
gS0 =
ωnτ3 +∆0τ2√
ω2n +∆
2
0
and ∆ˆ0 = ∆0τ2 . (B2)
At the same time, the superconductor proximity effect
leads to important changes in the Green’s function of
the normal gas. The corresponding uniform solution gN0
can by obtained from the second term of Eq.(17), which
must be zero. Hence, gN0 is given by
gN0 =
ωnτ3 + TNSgS0√
(ωnτ3 + TNSgS0)2
. (B3)
This function satisfies the normalization condition g2N0 =
1. At ωn ≪ ∆ it takes the form of Eq.(B2) with ∆0
substituted for ∆N ≡ TNS. Hence, gN0 looks as the
Green’s function of a superconductor, where the role of
the gap is played by ∆N .
The corrections due to the Zeeman field are obtained
from linearized Eqs.(19) and (17). They are given by
δgS =
1
DSq2 + 2Ω2S
(
TSNgS0[gS0, δgN ]− gS0[δ∆ˆ, gS0]
)
δgN = −
1
DNq2 + 2Ω2N
(TNSgN0[δgS , gN0]+
DN(qA)[τ3, gN0]) , (B4)
where ΩS = ωnτ3 + ∆0τ2 and ΩN = ωnτ3 + TNSgS0. It
is seen from Eq.(B3) that the term in Eq.(B4), which
is associated with the Zeeman field (the second term in
the second equation), is proportional to the Pauli matrix
τ1. Then, it is easy to see that δgN , δgS and δ∆ˆ are
also proportional to τ1. Accordingly, we denote δgˆN =
τ1δgN , δgˆS = τ1δgS , and δ∆ˆ = τ1δ∆. Therefore, let us
project Eq.(B4) onto τ1. By resolving these equations we
obtain
δgS =
2
D
(
bNδ∆+ 2iTSNDN(qA)g
(2)
N0
)
δgN =
2
D
(
2TNSδ∆+ ibSDN(qA)g
(2)
N0
)
, (B5)
where bN(S) = DN(S)q
2 + 2Ω2N(S), g
(2)
N0 = Tr[τ2gN0], and
D = bNbS − 4TSNTNS.
The selfconsistency reads
δ∆ =
gNFST
2
∑
ωn
δgS . (B6)
The correction δ∆ to the gap can be obtained by sub-
stituting in this equation δgS from Eq.(B5). We will
keep only leading terms in TSN . By taking into ac-
count the unperturbed selfconsistency equation 1 =
gNFST
∑
ωn
(1/2|Ωs|) this correction may be expressed
from Eq.(B6) in the form
δ∆ = 4TSN
iqA
q2
DN
DS
(∑
ωn
g
(2)
N0
bNbS
/∑
ωn
1
|Ωs|bS
)
. (B7)
This expression should be substituted into Eq.(B5). Fur-
ther, δgN can be used for the calculation of the spin den-
sities 〈σj12〉 and 〈σ
j
21〉 in Eq.(14). For example, the former
is given by
〈σj12〉 =
T
2
∑
ωn,k
Tr[σjGk(r1, ωn)] =
−i
π
2
TNFN
∑
ωn
∫
dφ
2π
Tr
[
τ3σ
j 1 + nσ
2
δgN kˆ(r1)
]
,(B8)
where the angle φ specifies a direction of the unit vector
kˆ. Due to the trace over spin variables, the integrand is
proportional to nj , which is antisymmetric with respect
to kˆ. At the same time, the antisymmetric in kˆ function
δgN kˆ may be expressed in terms of the angular-averaged
function δgN , according to δgN kˆ = −2ταkˆgN0∇˜δgN (r1)
[24-26]. Within the linear in Z approximation, in the
latter expression ∇˜ may be substituted for ∇, while in
δgN(r1) only the Zeeman field Z2δ(r−r2) must be taken
into account. By substituting δgN kˆ(r1) into Eq.(B8) and
calculating the trace over spin and Nambu variables we
obtain
〈σj12〉 = −iπTNFN τ
∑
ωn,q
q˜jg
(2)
N0δgNe
iq(r1−r2) . (B9)
8The function δgN in Eq.(B9) contains two parts, as
can be seen from Eq.(B5). One of them is proportional
to δ∆. It stems from the condensate, which is perturbed
by magnetic impurities. The second term represents a
direct effect of the Zeeman field, where the sole role of
the superconductor is to produce the proximity gap ∆N
in the normal film. Indeed, by neglecting the small term
in D, which is proportional to TSN , at TNS ≪ ∆, one
obtains for δgN (given by the second term in Eq.(B5))
the same expression as in the case of a superconductor
whose energy gap is ∆N = TNS. It follows straight from
Eq.(B3) which at ωn and TNS ≪ ∆ takes the form of the
semiclassical Green function of a superconductor. There-
fore, this part of δgN contributes to the ”smooth” RKKY
interaction [14] (the oscillating with kF r term can not be
treated within the semiclassical theory). The dependence
on a distance between magnetic impurities is seen from
the pole of δgN ∼ 1/bN = (DNq
2+2∆2N +2ω
2
n)
−1. This
sort of q-dependence signals that the interaction between
impurities exponentially decreases at r ≫
√
DN/∆N .
Unlike such an exponential dependence, the contribution
associated with the condensate demonstrates a power-
low behavior. Indeed, as can be seen from Eqs.(B7) and
(B5), at q → 0 δgN ∼ qA/q
2. After the substitution of
such δgN into Eq.(B9) and by taking into account Eq.(14)
one arrives to the 2D dipole-dipole interaction given by
Eq.(12).
